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LOCAL ZETA FUNCTION FOR CURVES, NON-DEGENERACY
CONDITIONS AND NEWTON POLYGONS

M. J. SAIA AND W. A. ZUNIGA-GALINDO

ABSTRACT. This paper is dedicated to a description of the poles of the Igusa
local zeta function Z(s, f,v) when f(z,y) satisfies a new non-degeneracy con-
dition called arithmetic non-degeneracy. More precisely, we attach to each
polynomial f(z,%) a collection of convex sets I'A(f) = {Ff,l, .. 7Ff7lo} called
the arithmetic Newton polygon of f(z,y), and introduce the notion of arith-
metic non-degeneracy with respect to TA(f). If L, is a p-adic field, and
f(z,y) € Ly [z,y] is arithmetically non-degenerate, then the poles of Z(s, f, v)
can be described explicitly in terms of the equations of the straight segments
that form the boundaries of the convex sets I'y1,...,I's;,. Moreover, the
proof of the main result gives an effective procedure for computing Z(s, f,v).

1. INTRODUCTION

Let L, be a p-adic field, and v the corresponding non-archimedean valuation.
Let O, the ring of integers of L,, P, the maximal ideal of O,, and L, = 0,/P,
the residue field of L,. The cardinality of L, is denoted by g, thus L, = F,. We
fix a local parameter 7 for O,. For z € L, ||, := ¢~ *(*) denotes its normalized
absolute value. Given a non-constant polynomial g(z,y) € L,[z,y], the Igusa local
zeta function Z(s, g,v) attached to g(z,y) and L, is defined as

Z(s,9,0) = / gz )2 deedy)
02

where s € C satisfies Re(s) > 0 and |dxdy| denotes the Haar measure of L2
normalized so that the measure of O? is one.

Igusa showed that the local zeta function Z(s, g,v) is a rational function of ¢—*,
for general polynomials with coefficients in a p-adic field [5]. Igusa’s local zeta
functions are related to the number of solutions of congruences modulo p™ and to
exponential sums modulo p™. There are several conjectures and intriguing con-
nections between Igusa’s local zeta functions with topology and singularity theory
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This paper is dedicated to the description of the poles of the Igusa local zeta
functions Z(s, f,v) when f(x,y) satisfies a new non-degeneracy condition called
arithmetic non-degeneracy. More precisely, we attach to each polynomial f(z,y) a
collection of convex sets

FA(f) = {Ff,lv s 7Pf,l0}

called the arithmetic Newton polygon of f(z,y), and introduce the notion of arith-
metic non-degeneracy with respect to T4(f) (see Section 4).

The set of degenerate polynomials, in the usual sense, is a proper subset of the
set of arithmetically non-degenerate polynomials. In addition, for a fixed geomet-
ric Newton polygon I'9¢°™ C R2, the set of degenerate complex polynomials in
two variables with respect to I'9°°™ contains an open set, in the Zariski topology,
consisting of arithmetically non-degenerate polynomials.

Our main result gives an explicit list of possible poles of Z(s, f,v), when f(x,y) €
L,[x,y] is an arithmetically non-degenerate polynomial, in terms of the equations of

the straight segments that form the boundaries of the convex sets I' 1,..., 'z, (see
Theorems [Tl 611). Moreover, our proof gives an effective procedure for computing
Z(S’ f’ U)

The notion of non-degeneracy due Kouchnirenko [9] is useful in the computation
of Milnor numbers, the number of isolated solutions of polynomial equations, etc.
The authors hope that the notion of arithmetic non-degeneracy may be useful for
other purposes, like those mentioned above, different from the description of the
poles of local zeta functions.

The description of the poles of the local zeta functions in terms of Newton poly-
gons is a well-known fact for non-degenerate polynomials in the sense of Kouch-
nirenko [13], [10], [3], [4], [16], [L7]. In the degenerate case there are no previous
results showing a relation between the poles of local zeta functions and Newton
polygons.

The poles of Z(s, f,v), for a general polynomial f in two variables, can be de-
scribed explicitly in terms of a resolution of singularities for f (see [I4], [15], [11],
[7, [12]). The main result of this paper is complementary to the above-mentioned
results. Indeed, our main result produces an explicit list of candidates for the poles
of Z(s, f,v) without using resolutions of singularities, but this result is only valid
for a large class of polynomials.

In this paper, we work with p-adic fields of characteristic zero; however all results
are valid for positive characteristics.

This paper is organized as follows. In Section 2, we review some well-known re-
sults about geometric Newton polygons, non-degeneracy conditions in the sense of
Kouchnirenko, and certain p-adic integrals attached to non-degenerate polynomi-
als. In Section 3, we compute explicitly the local zeta function of some degenerate
polynomials, in the sense of Kouchnirenko. These examples constitute the basic
models for the effective computation of the local zeta functions of arithmetically
non-degenerate polynomials. In Section 4, we introduce the notion of arithmetic
Newton polygon and arithmetic non-degeneracy condition. In Section 5, we com-
pute several p-adic integrals that appear in the effective computation of the local
zeta function of an arithmetically non-degenerate polynomial. In Section 6, we
prove the main result.
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2. PRELIMINARIES

2.1. Geometric Newton polygons. Weset R, = {z € R | z > 0}. Let f(x,y) =
Z(i,j) aiﬁjxiyj be a non-constant polynomial in two variables with coefficients in a
field K satisfying f(0,0) = 0. The set supp(f) = {(z’,j) EN? | q;; # 0} is called
the support of f. The geometric Newton polygon T'9¢°™(f) of f is defined as the
convex hull in R? of the set Ui jyesupp(s) ((i,5) +R%) .

By a proper face v of T'9¢°™( f), we mean a non-empty convex set v obtained by
intersecting I'9¢°™ ( f) with a straight line H, such that T'9¢°™( f) is contained in one
of the two half-spaces determined by H. The straight line H is called the supporting
line of 7. Thus the faces can be points (zero-dimensional faces) or straight segments
(one-dimensional faces). The last ones are also called facets.

If v is a face of T'9¢°™(f), its face function is defined to be the polynomial

[z, y) = Z ai,jxiyj~
(i,5)ey
Definition 2.1. A non-constant polynomial f(x,y) satisfying f(0,0) = 0 is called
non-degenerate with respect to T'9¢°™(f), in the sense Kouchnirenko, if it satisfies:
(1) the origin of K? is a singular point of f(z,y);
(2) for each face v C T'9¢°™(f), including T'9¢°™ (f) itself, the system of equa-

tions of o7
fy(ey) = G2y = 50

does not have solutions on K *2.

(z,y) =0

We set (.,.) for the usual inner product in R?, and identify the dual vector space
with R2. For a € R%, we define

mla):= inf {{a.2)}.

Given any a € R2 ~\ {0}, the first meet locus F(a) of a is defined as
Fa) = {x e T7"(f) | (a,z) = m(a)}.

The first meet locus F(a) of a € RZ \ {0} is a proper face of I'9°™(f).
Given a proper face « of I'9¢°™( f), the cone associated to «y is defined to be the
set

Ay i={aeRi {0} | F(a) =~}.
We define an equivalence relation on R \ {0} by
a=d’ if and only if F(a) = F(a).
The equivalence classes of « are the cones A,. The following two propositions
describe the geometry of the equivalence classes of = (see e.g. [13], [3]).

Proposition 2.1. Let v be a proper face of T'9¢°™(f). If v is a one-dimensional
face and a is a perpendicular vector to -y, then

(2.1) Ay ={aa | a€R, a>0}.

If v is a zero-dimensional face and wy,ws are the facets of T9°™(f) which contain
v, and ai,as are vectors which are perpendicular to w1, ws, respectively, then

(2.2) A’Y = {a1a1 + aoa2 | a; €R, a; > 0}
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A set of the form (Z2) (respectively (.11)) is called a strictly positive cone spanned
by the vectors {a1,a2} (respectively by {a}). Let A be a strictly positive cone
spanned by a vector set A, with A = {a1,a2}, or A = {a}. If A is linearly
independent over R, the cone A is called a simplicial cone. In this last case, if the
elements of A are in Z?, the cone A is called a rational simplicial cone. If A can
be completed to be a basis of the Z-module Z?, the cone A is called a simple cone.

A vector a € R? is called primitive if the components of a are positive integers
whose greatest common divisor is one.

For every facet of I'9°°™(f) there is a unique primitive vector in R? which is
perpendicular to this facet. We denote by D the set of such vectors. Thus each
equivalence class under = is a rational simplicial cone spanned by elements of D.

From the above considerations it follows that there exists a partition of Ri of
the form

(2.3) R ={0.0}u |J A,
ycraeem(f)

where v runs through all proper faces of T'9¢°™ (). We say that {AW}VCpgeom(f) is
a simplicial conical subdivision of R% subordinated to T'9¢™ (f).

2.2. Local zeta functions and conical subdivisions. Let f(x,y) € L,[z,y]
be a non-constant polynomial satisfying f(0,0) = 0, and I'9¢°™(f) its geometric
Newton polygon. We fix a simplicial conical subdivision {AV}Vcheom(f) of Ri

subordinated to T'9¢°™( f). We define
Ba, = {(z.y) € 07 | (v(z),v(y)) € Ay},
2. fo08) = [ 1f(ew)lilddy),

Eay
and
2(5.£.0,0:%) 1= [ |fw.y)fildody).
ox?
With the above notation, it follows from partition (Z3)) that
(2.4) Z(s, f,0) = Z(s, [,0,0.%) + Y Z(s, f,v,A,).

,\/Cr‘geom,(f)

Therefore the computation of the integral Z(s, f,v) is reduced to the computation
of integrals of the type Z(s, f,v,02?) and Z(s, f,v,A,). In the case in which f
is non-degenerate with respect to I'9¢°™( f), the above-mentioned integrals can be
computed explicitly using techniques of toroidal geometry and the p-adic stationary
phase formula [5l Theorem 10.2.1], [4], [16], [T7], [I8].

For a general f formula ([24) is still valuable if f does not have singularities on
(Lj)Q. By applying the stationary phase formula (abbreviated SPF) repeatedly,
it is possible to compute Z(s, f,v, OX?) effectively (see [16, Lemma 3.1], or [L7]
Lemma 2.4]). For a future reference we restate this result here.

Lemma 2.1. Let gn(z,y) = go(z,y) + 7™ g1(x,y) € Ly[x,y] be a non-constant
polynomial, m > 1, such that gm(x,y) and go(z,y) do not have singular points on
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(LX)Q. There exists a constant ¢(go) such that if m > c(go), then

s Ul
Z(s.9m0.0:%) = [ lanlw)lzlasds] = {21

ox?
with U(q™") € Q™).

The computation of the integrals Z(s, f,v, A,) presents two cases. If f, does
not have singularities on (Lj)Q, we shall say that f is non-degenerate on . In this
case the integrals Z(s, f,v, Ay) can be computed by using known techniques [10],
[4], [16], [I7]. For a future reference we restate this result here.

Lemma 2.2. Let f(x,y) € Ly[z,y] be a non-constant polynomial such that f(0,0)
=0 and f does not have singular points on (Lff)2,
(1) If A, is a two-dimensional cone, and f,(x,y) does not have singularities
on the torus (L§)2, then

Z(S, fv v, A“/) = Ul(qis) € Q[qis]
(2) If A, is a one-dimensional cone, and f,(x,y) does not have singularities
on (L§)2, then

Us(q™*) s s
(]_ _ qflfs)i]_ _ qf(aer)fd.ys)’ U2(q ) € Q[q ]a

where ax + by = d, is the equation of the supporting line of the facet .

Z(svava“/) =

The core of this paper is the explicit computation of integrals of the type
Z(Sa f7 v, A’y)7

when f is degenerate on A, but satisfies a new non-degeneracy condition. This
will be done in Sections 4, 5.

Remark 2.1. Given A a rational simplicial cone, there exists a partition of A into
simple cones [8] pp. 32-33]. This fact can be used to obtain a partition of Ri into
simple cones. In this case, it is possible to compute the integral Z(s, f,v,A) in a
simple form, when f is non-degenerate, in the sense of Kouchnirenko. However,
this procedure produces a larger list of candidates for poles of Z(s, f,v, A).

3. MODEL CASES

In this section we shall compute explicitly the local zeta functions for some de-
generate polynomials, in the sense of Kouchnirenko. These examples constitute the
basic models for the effective computation of the local zeta functions of arithmeti-
cally non-degenerate polynomials.

3.1. The local zeta function of (y® — 22)? + z*y*. We assume that the charac-
teristic of the residue field of L, is different from 2. The origin of L2 is the only
singular point of f(z,y) = (y* — 22)? + 2*y*. This polynomial is degenerate with
respect to its geometric Newton polygon.

The conical subdivision of R? subordinated to the geometric Newton polygon

of f(x,y) is

9
(3.1) R% ={(0,0}u [ 4,

Jj=1
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with
Ay :=(0,1)R4
A= (0, )Ry + (1, )Ry
As:=(1,1)R4
Ay = (L1DRy 4+ (3,2)Ry
(3.2) As =: (3,2)R4
Ag = (3,2)Ry + (2, )Ry
A7 :=(2,1)R4
Ag:= (2, )R + (1,0)Ry
Ag := (1,0)R4

In addition, all the A; are rational simple cones. By using the above subdivi-
sion it is possible to reduce the computation of Z(s, f,v) to the computation of
Z(S,f,’l),O;;Q) and Z(Sﬂf7U7Ai)a 1= 15273)476)778’9 (SeeM'

3.2. Computation of Z(s, f,v,0X?). Since f(z,y) does not have singularities on
(Lﬁ)Q, the integral can be computed by using SPF [5] Theorem 10.2.1]:

(N -1 (A-g g
1— qflfs ’

Z(s, 0,052 = [(1=q7")" = 2N(f)| +
with N(f) = Card ({(u,v) e (F)? | f(u,v) = o})

3.3. Computation of Z(s, f,v,A;), 1 =1,2,3,4,6,7,8,9. These integrals corre-
spond to the case in which f is non-degenerate on A;, i =1, 2, 3,4, 6,7, 8,9. The
integrals corresponding to A;, i = 1,2, can be calculated as follows.

3.3.1. Case Z(s, f,v,Aq).

Z(s,f0.0) = 3 / £ (@, 9) 3 dady]
":o

X XTImO

= S [ - et ety dady
OXZ

= (1-q" §:¢“= H1—q7h)
3.3.2. Case Z(s, f,v,As).

2. = 323 / |, )| |ddy]

1n=1 TmOx X ﬂ.n+mo,l>]<

0o oo
— Z Zq 2m—n—4ms / | 3n+m 3 J,‘2)2+ 4dm—+4n 4y4| |dxdy|
OXx?2

m=1n=1

—2—4s
q

=(1- q_l)q_lm-
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The other integrals can be computed in the same form. The following table
summarizes these computations:

Cone | Z(s, f,v,A)
A |qg(1-q7h)
e | (1 —a e
As (1—q 1)2%
(3:3) VI Kt 0 B e e
Ag (1,21;52123%;,8;2165)
Ag g (1-g7h)

3.4. Computation of Z(s, f,v,As) (an integral on a degenerate face in the
sense of Kouchnirenko).

Z(s, fr0,As) = / | (2, 9)|3 | dadly]

1
3n Off X 2n Off

q o / |(y® — 2%)? + 72ty |3 | dedyl.
ox?

n

M8

(3.4) -

3
Il

We set f(™)(z,y) = (y° — 22)? + 7"z*y*, for n > 1. In order to compute (B4,
we first compute the integral

(3.5) I, £ 0) = [ 100 = %)+ w5ty cldedy. 0 > 1.
ox?

For that, we use the following change of variables:

d: 02 — 0x2

3.6 v 3 Y3

(3:6) (z,y) — (2P, 2%y).

The map ® gives an analytic bijection of O¢? onto itself and preserves the Haar
measure because its Jacobian Jg(z,y) = zly satisfies |Jo(z,y)], = 1, for every
z,y € OF. Thus

(3.7) £ 0 ®(x,y) = 2 2y* f (x, y),

with

(3.8) F (@) = (y — 1)? + wrady,

and then from (B.6]), and (B.7), it follows that

(3.9) I(s, f™), ) = / F (2, y) 5| ddy|.
X2

Or-
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In order to compute the integral I(s,f(”),v), n > 1, we decompose OX? as
follows:

(3.10) 0= |J O x{yp+70,}U0O; x {1+70,},
yoZl mod 7

where yo runs through a set of representatives of F in O,. From partition (B.10)
and formula (38, it follows that

B 1600 = -2 0=a s [ )l
Offx{l-l—wOv}

The integral on the right side of (BI1]) admits the following expansion:

oo

(3.12) I(Saf(")a’l’):(q—Q)q_l(l—q_l)-i-Zq_j / 1 (2,1 + 79 2) |3 |ddz],

Jj=1 0X2
v

where f(")(z,1 4+ 772) = 7222 + 78728(1 + 77 2)*. In the next step, we compute
| (x,1 4 772)|5 explicitly, for a fixed n > 1. In this case, this can be done by a
simple calculation:

B q%s if1<j<dn—1,
(3.13)  |[fM(z, 14+ 772)5 = ¢ 822 4 2¥(1 + 7l 2)4S  if j = 4n,
q 8 if j >4n+1,

for any (z,2) € OX2.

We note that the explicit computation of the absolute value |f()(z,1 + 72)|,
depends on an explicit description of the set {(w, 2) € R? | w < min{2z, Sn}} , for
a fixed n. P

Now from (312), B13), and the identity S p_, 2F = 22—, we obtain an

T
explicit expression for I(s, fn,v):

—1-2s
_ _ _ q
I(s, f™v) = (¢=2)¢ ' (1—¢H)+(1—¢ 1)2m
O 4n—8
- g oy )
(3.14) +q (L =g g,
where
(3.15) Iy(s) := / |22 + 28(1 + 71" 2)4 3 |dadz|.
ox?

Since the reduction modulo 7 of the polynomial 2% + 28(1 + 7%"2)* does not have
singular points on F;Q, because the characteristic of the residue field is different

from 2, SPF implies that Ip(s) = %, where Uy (¢~ ®) is a polynomial in ¢—*

independent of 7 and n.
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Finally, from (B4), (39) and (8I4), we obtain the following explicit expression
for Z(s, f,v,As) :

205, f.0. A7) = (q—2)(1 — g~ 1)g=6-12s . (1—q1)2q6-14s
AR (1 — g 5-125) (1= g 1-25)(1 — g5 125)
(1 _ q71)2q797205 N q797205U1(q75)
(I—q 1 2)(1—q 9 205) " (1—q 15)(1—q 9 20%)
(1 — g~ 1)g—10-20s
(1— q 9 20s)
From the explicit formulas for Z(s, f,v,A;), i = 1,2,...,8, and Z(s, f,v,0X?)
(see (B3), (3:19)), it follows that the real parts of the poles of Z(s, f,v) belong to
the set

(3.16) +

(3.17) [-1}U{-15} U5~}

3.5. The local zeta function of (y® — 2%)?(y3 — az?) + z*y*. We set g(z,y) =
(y® — 2%)2(y® — az®) + 2'y* € L,[z,y], with a € O, and a # 1 mod 7. We assume
that the characteristic of the residue field of L, is different from 2. The polynomial
g is degenerate with respect to its geometric Newton polygon. In addition, the
origin of L2 is the only singular point of g.

By using the same decomposition of Ri into rational simple cones as in the above
example, it is possible to reduce the computation of Z(s, g,v) to the computation
of the p-adic integrals Z(s, g,v,02?), Z(s,g9,v,4;), i=1,...,8,9.

3.6. Computation of Z(s, g,v,0X?). Since g(x,y) does not have singularities on

(LX)?, the integral can be computed by using SPF [5] Theorem 10.2.1]:

¢ 3N -1)(1—qg")g®
1— q—l—s

)

Z(s,g,v,05%) = [(1 ¢’ - q‘QN(g)} +

with N(g) = Card ({(u,v) € (qu)Q | g(u,v) = O})

3.7. Computation of Z(s,g,v,A;), i =1,2,3,4,6,7,8,9. These integrals can be
computed as the corresponding integrals in the previous example. The following
table summarizes these computations.

Cone | Z(s,g,v,A)

Ay ¢t 1-q¢")
Aj (1- 971)%
Az (1- (fl)Q%
(3.18) As | (1 ¢ et ey

e

AG (I1—q 5 185)(1—¢q 3 9°)
(1—q~1)2q—37%

A'7 ﬁ
(1—q~1)g—479%

As | ety

Ag g '(1—q¢")
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3.8. Computation of Z(s, f,v,As) (an integral on a degenerate face in the
sense of Kouchnirenko).

Zogods) = Y [ latwy)ilded
n=1
ﬂ.SnOl>)< ><7T2no,3<
o0
(3.19) = Y g / (y° — 2%)°(y° — aa®) + 7"y [ | dady].
n=1

ox?
We set g™ (z,y) = (y° — 22)%(y® — az?) + 72"xy?*, for n > 1. In order to
compute ([B19), we first compute the integral
B20) T ™) i= [ 160 = a0 — a?) + w2ty e dedyl, m > 1
ox?
By using the change of variables ®(z,y) defined in (3.6]), we have that

(3.21) 9™ 0 ®(z,y) = 2'8y’q) (2, y),
with
(3.22) 9™ (@) = (y = D*(y — a) + 72y,

Since ®(z,y) gives a bijection of OX? onto itself preserving the Haar measure, it

follows from (B:20) and [B:21)), that
(3.23) 15,9 0) = [ 190, dody|.
ox?
In order to compute the integral I(s, g™, v), we decompose 0X? as follows:
0% = (0F x{yo+ 7m0y | yo #1,a mod 7}) U (O x {1+ 70,})
(3.24) U(O) x {a+70,}).
From the above partition it follows that

I(s,g™,v) = (1—q ")g ' (g—3)

+Y g7 / g™ (2,1 + 7ly)|5|dady|
=1

OX xOX
0 . - .

(3.25) #3007 [ gk wy)lldady),

J=1 OF xOX
with
(3.26) g (2,1 + y) = 7y j (2, y)y? + 72 (7, y)2?,
(327) Pyl,j(xay) =1 _a’+7rjya ’72,j(1',y) = (]— +7ij)27
and
(3.28) 9 (z,a+ mly) = 7781 (z, y)y + 7" 62 (2, y)a?,

01j(z,y) = (a—1+a'y)%, Gaj(z,y) = (a+7'y)>
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In the next step, we explicitly compute |L(;(\’7)(:c, 1+ 7y)|5 and |gf(\”/)(:c, a+my)s,
for a fixed n > 1. By some simple calculations,

- q s if1<j<n-1,
(3:29) g™ (z, 1+ y)ly = € ¢ 2" Iy (2, 9)y? + y2,5(x, y)2?]5 if j =n,
q—2ns if j >n+1,
for any (z,z) € 0%, and
- q7° if1<j<2n-1,
(3.30) g™ (z,a+m"y)[5 = < 2|61 j(z, y)y + 62,5 (x, y)a[5 if j = 2n,
q—2ns 1f] >2n+ 1.

We note that the explicit computation of the absolute values |g(™ (z,1 + 7/y)|,

and |g(™ (x,a + 7/y)|, depends on an explicit description of the sets
{(w,2) € R* | w < min{2z,2n}}

and
{(w,2) € R? | w < min{z,2n}},

respectively, for a fixed n.

Now, from (3:28), (829), (B:30) and the identity EkB:A 2k = ZA;%, we obtain

the following explicit expression for I(s, g™, v):

1 1 12 q7172s
I(s,g™,0) = ¢ '(1—q" Wg—3)+(1—q¢") [P
_(1_ 71)2 q7n72ns 4 7n72n5I (S)+ -1 (1_ 71) —n—2ns
@) T T 1 q 7 ") q
—1—s —2n—2ns
_1\2 g ~1\2 4 —2n—2ns
) s () s e I5(s)
(331) _’_qfl (1 _ qfl) q727172ns7
where
1) = [ hunle)s? +mate ) fldods,
ox?
(3.32) b(s) = / 16.9m (s 9)y + O2.2m ()2 |2 | dal2].
ox?

Since the reduction modulo 7 of the polynomials v1,(z, y)y* + V2., (2, y)z* and
81,20 (7, Y)Yy + 02,2 (2, y)2? does not have singular points on F;Q, because the char-

acteristic of the residue field is different from 2, SPF implies that

_[1(8) = %7
(3.33) L(s) = %

S

where U;(¢~?®) and U;(g~?®) are polynomials in ¢~°, independent of j and n.
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Finally, from (BI9) and (B31)), we obtain the following explicit expression for
Z(s, f,v,As):

2o fovng) = WU e T Qe
(I—¢ ) (1—q )1 —gq )
~ (1— g 1)2q0-20s . 462U, (¢—%)
(1 _ q7172s)(1 _ q767208) (1 _ qflfs)(]_ _ q767208)
N (1 _ q—l)q—7—203 (1 _ q—l)Qq—G—lgs
(1—¢67205) (1—q 179)(1—q > 1%)
(1 _ q71)2q777205 q’772OSU2(q78)

=)0 —q ) T—g (g ")
(1—q 1)g=8-20s
(1 _ q777205)

From the explicit formulas for Z(s, f,v,A;), i = 1,2,...,8, and Z(s, f,v,0?)
(see BIR), (B34)), it follows that the real parts of the poles of Z(s, f,v) belong to
the set

(3.34) -

(335) (1) U{a 3} Ulg, b U o).

4. ARITHMETIC NEWTON POLYGONS
AND ARITHMETIC NON-DEGENERATE POLYNOMIALS

In this section we introduce the notions of arithmetic Newton polygon and arith-
metic non-degeneracy for polynomials in two variables. The set of arithmetically
non-degenerate polynomials strictly contains the set of non-degenerate polynomi-
als in the sense of Kouchnirenko. In addition, an explicit list of candidates for
the poles of a local zeta function associated to an arithmetically non-degenerate
polynomial can be given in terms of the corresponding arithmetic Newton polygon
(see Section 6).

4.1. Arithmetically non-degenerate semi-quasihomogeneous polynomials.

Definition 4.1. Let K be a field, and a, b two coprime positive integers. A
polynomial g(z,y) € K[z,y] is quasihomogeneous with respect to the weight (a, b),
if it has the form

l
(4.1) g(x,y) = cax™y” H (y* - ozia:b)e"' , ce KX,
i=1
From the definition it follows that a quasihomogeneous polynomial g(x,y) satis-
fies
(4.2) g(t%z, tby) = tig(x,y), for every t € K*.

The integer d is called the weighted degree of g(z,y) with respect to (a,b). We note
that our definition of quasihomogeneity coincides with the standard one (i.e. with
([£2)) after a finite extension of K.
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Definition 4.2. A polynomial g(z,y) € K[z,y] is a semi-quasihomogeneous poly-
nomial with respect to the weight (a,b), if it has the form

lg
(4.3) 9@, y) =D g5(z,y),
j=0

where each g;(z,y) is quasihomogeneous of weighted degree d; with respect to (a, b),
and do < d; <"'<dlg~
The polynomial go(z,y) is called the quasihomogeneous part of g(x,y). If

lo

go(z,y) = caoy™ | [ (y* — ai,02”)
=1

€i,0

has singular points on the torus (KX)2, ie. ife;o > 1, forsomei=1,2,...,1, then
g(x,y) is degenerate, in the sense of Kouchnirenko, with respect to its geometric
Newton polygon I'9¢°™(g).

We put

li
) €i,;
(4.4) filz,y) == cja*iy® H (y* — amxb) 7, ¢ e KX,
i=1

d; is the weighted degree of f;(z,y) with respect to (a,b), i.e.
L
d; :=ab Zei’j + au; + by,
i=1
and
ls
(4.5) Flay) =) fi(zy),
j=0
with dy < dy < --- < dj,. From now on, we shall assume that f(z,y) is a degenerate
polynomial in the sense of Kouchnirenko.

Definition 4.3. Let f(x,y) € K[z,y] be a semi-quasihomogeneous polynomial,
0 € K* a fixed root of fy(1,0%) =0, and e; ¢ the multiplicity of 6 as a root of the
polynomial function f;(1,y*). To each f;(x,y) in (X)), we associate a straight line
of the form

wjﬂ(z) = (dj —dp) + ej 02, J=0,1,...,1,
and define the arithmetic Newton polygon 'y of f(z,y) at 6 as

2 .
= < m ; .
Lo {(z,w) eRY Jw < Ogjlgr%f {w;e(2)}}

The arithmetic Newton polygon T'4(f) of f(z,y) is defined to be the set
PA(f) = {Tro |0 € K*, fo(1,6%) =0}.

We note that 6 is one of the a;o. In addition, T4(f) is a finite collection of
convex sets, and not just a convex set as ['9¢°™( f) is.

If the polynomial fo(z,y) is interpreted as the weighted tangent cone of f(z,y),
then for each tangent direction of the form (6 : 1), § € K*, there exists an arith-
metic Newton polygon I'yg at 6, and all these Newton polygons constitute the
arithmetic Newton polygon T'A(f) of f(z,v).
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Let 6 be a fixed root of fo(1,6%) = 0. A point @ of the topological boundary of
T is called a vertez, if @ = (0,0) or if it is the intersection point of two different
straight lines of the form w;¢(2). Let Qr, k =0,1,...,r, denote the vertices of the
topological boundary of I't 9, with Qg := (0,0). The boundary of I'f ¢ is formed by
r straight segments, a half-line, and the non-negative part of the horizontal axis of
the (w, z)-plane. We put

(4.6) wi,o(2) = Dy —do) + &z, k=1,2,...,m,
for the equation of the straight segment between Q1 and Q, and
(4.7) Wr41,0(2) = (Dry1 — do) + Ert12,
for the equation of the half-line starting at @,.. With this notation we have
(4.8) Qr = (6, Dr. — do) + Exmie)y, k=1,2,...,1,
with
(4.9) Tk:=M>0,k=1,2,...,r.
Er — Ery1

We note that Dy, = d;, and & = ej, g, for some index ji. In particular, D; = do,
&1 = eo,0, and the first equation is wy ¢(z) = £12. The slope .41 may be 0.

Let @ be a vertex of the boundary of I'y g . The face function fq(z,y) is defined
to be the polynomial

(4.10) folwy) = Y filz.y),
wj,0(Q)=0
where w; ¢(2) is the straight line corresponding to f;(z,y).
Now we introduce a new notion of non-degeneracy with respect to an arithmetic
Newton polygon.

Definition 4.4. A semi-quasihomogeneous polynomial f(z,y) € K [z,y] is called
arithmetically non-degenerate with respect to I's g at 0, if:

(1) the origin of K? is a singular point of f(z,y);

(2) the polynomial f(z,y) does not have singular points on (KX)Q;
(3) the system of equations

0 0
fQ(xay) = %(xvy) = ain(a?,y) =0

does not have solutions on (K> )27 for any vertex @ # (0, 0) of the boundary
of Fﬁg.
A semi-quasihomogeneous polynomial f(x,y) € K [x,y] is called arithmetically
non-degenerate with respect to I'A(f), if it is arithmetically non-degenerate with
respect to I's g, for each § € K* satistying fo(1,6%) = 0.

4.2. Arithmetically non-degenerate polynomials. Let f(z,y) € K[z,y] be a
non-constant polynomial, and I'9¢°™( f) its geometric Newton polygon. Each facet
v C T9¢°™(f) has a perpendicular primitive vector a, = (a1(7),a2(v)) and the
corresponding supporting line has an equation of the form (a-, z) = d(y).

Definition 4.5. Let f(z,y) € KJz,y] be a non-constant polynomial such that
f(z,y) is semi-quasihomogeneous with respect to the weight a., in the sense of
Definition @2 for every facet v of ['9¢°™ (f). Let T4(f,v) be the arithmetic Newton



LOCAL ZETA FUNCTIONS AND NEWTON POLYGONS 73

polygon of f(x,y) regarded as a semi-quasihomogeneous polynomial with respect
to the weight a.. The arithmetic Newton polygon I'A(f) of f(z,y) is defined to be
the set

TA(f) = U T4(f,9).

{7 a facet of I'9eom (f)}

We note that the construction of the arithmetic polygon of f requires that f
can be factored as in (@4), for every facet v of T'9%°"( f). This condition can always
be satisfied by passing to a finite extension of K.

Definition 4.6. A polynomial f(z,y) € K][x,y] is called arithmetically non-
degenerate with respect to its arithmetic Newton polygon, if for every facet -y
of T9¢°™(f), the semi-quasihomogeneous polynomial f(z,y), with respect to the
weight a., is arithmetically non-degenerate with respect to TA(f, ).

We put K = C, and fix a geometric Newton polygon ['9°™ C R2. Then the set of
degenerate polynomials in two variables with respect to I'9¢°™ contains an open set,
in the Zariski topology, consisting of arithmetically non-degenerate polynomials.
The proof of this fact is similar to [1l, p. 157].

4.3. Examples. The following three examples illustrate the above definitions for
specific polynomials; we assume that K is a field of characteristic zero.

Example 4.1. We set f(z,y) = (y>—22)?+2*y* € K[z,y]. The polynomial f(z,y)
is a degenerate, in the sense of Kouchnirenko, semi-quasihomogeneous polynomial
with respect to the weight (3,2). The origin of K? is the only singular point of
f(z,y). In this case the arithmetic Newton polygon of f(x,y) is equal to I'y 1. The
boundary of the Newton polygon I'y; is formed by the straight segments

wii(z) = 2z, 0<2z<4,

we1(z) = 8, z2>4,
and the half-line {(z,w) € RZ |w=0}. Thus Dy = dy = 12, & = 2, D, = 20,
7o = 0, 71 = 4. The arithmetic Newton polygon I'f; is shown in Figure 1.

124

10

FIGURE 1. T4 (f).
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The face functions are

foo(@,y) = (° = 2)% fug(@,y) = @ —a?)* + 'y’

Since f(4,8)(,y)does not have singular points on K*2 f(x,y) is arithmetically
non-degenerate.

Example 4.2. We set
g(z.y) = (v° = 2®)° + (y° = 2*)%2° + (v° — 2%)%2" + 2™ € K[z, y).
The polynomial g(z,y) is a degenerate, in the sense of Kouchnirenko, semi-quasi-

homogeneous polynomial with respect to the weight (3,2). The origin of K2 is the
only singular point of g(x,y). It can be decomposed as

9(z,y) = go(z,y) + 91(x,y) + g2(x,y) + g3(=,y),

where
go(z,y) = (y* —2%)° hence dy =30, eg; =5 and w1 = 52;
ga(z,y) = (y3 ) 293, hence d; = 42, e1n =3and wy =12+ 3z;
g2(z,y) = Y — )2 12 hence dy = 48, e21 =2 and wy = 18 + 2z;
g3(z,y) = 2**, hence d3 =172, e31 =0 and wz 1 = 42.

Since go(1,0%) = 0 has only one root, § = 1, the arithmetic Newton polygon
4 (g) of g(z,y) is equal to T'y 1. The boundary of I'* (g) is formed by the straight
segments

w11(z) = b5z, 0<2<6,
wa1(z) = 1842z, 6<2z<12,
’U}371(Z) = 42, z Z 12,

and the half-line {(z,w) € Ri | w= 0}. Thus D; = dy = 30, &1 = 5, Dy = 48,
52:2,D3:72,€3:0,7’0:0,’7'1:6,’7'2:12.

We observe that the line w(z) = 12432z meets I'g ; only at (6,30). The arithmetic
Newton polygon of g is shown in Figure 2.

The face functions are

9(0,0) (QC, y) (y3 - $2)5,
9es0)(z,y) = =2+ - )3x6y‘°’ + (y® — 2%)%2"?,
9aza0)(T,y) = (y° — 2%)%2" + 2?

Since g(G s0)(z,y) = (v° — a:2)2 ((y® — 2%)3 + (y® — 2%) + 2'?) has singular points
n (K X) g(z,y) is arithmetically degenerate.

Example 4.3. We set
h(z,y) = (y° =) (y° — az®)(y® — ba®) + 2% € Klz,y),

with 1 # a # b. The polynomial h(z,y) is a degenerate, in the sense of Kouch-
nirenko, semi-quasihomogeneous polynomial with respect to the weight (5,3). The
origin of K? is a singular point of h(x,y), and there are no singularities on the

torus (K*)?. In this case the arithmetic Newton polygon of h(z,y) is equal to



LOCAL ZETA FUNCTIONS AND NEWTON POLYGONS 75

501

400+

307

207
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UP"2 4 B B 1012 14 16 18 20 22 24 26 253 a0
FIGURE 2. T4 (g).

r'4(h) = {Th1, Tha, Tnp}. The boundary of the Newton polygon I'y, 1 is formed
by the straight segments

o
IN
oot W

wia(z) = 4z, < -,

N | ot

v

waa(z) = 10, z ,

and the half-line {(z, w) € ]Ra_ | w= O}. The arithmetic Newton polygon I'y i is
shown in Figure 3.

144

12

10

The face functions are

hoo(@y) = (° —2*)'(y° —az®)(y° — ba?),
hizao(@y) = (° —2%)'(° — ae®)(y® — ba®) + 2.
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Since
hiz 10y (@) = (v° — 2°)*(y° — az®)(y° — ba®) + 2%

has no singular points on (K*), f(x,y) is arithmetically non-degenerate with re-
spect to I'y, 1.
The boundary of the Newton polygon I'y, , is formed by the straight segments

wie(z) = 2z 0<2z<10,
waq(z) = 10, z>10,

and the half-line {(z,w) ER? |w= 0}. The arithmetic Newton polygon I'y, , is
shown in Figure 4.

141

121

10

FIGURE 4. T, 4.

The face functions are
hoo (z,y) = (©° —2*)'(y° —az®)(y° — ba?),
haoaoy(@,y) = (¥° —2*)*(° — aa®)(y° — ba®) + 2.
Since
h1o,10)(z,y) = (¥° — 2°)*(y° — a2®)(y® — ba®) + 2°

has no singular points on (K X)Q, f(z,y) is arithmetically non-degenerate with
respect to I'y q. The Newton polygon I'y, is equal to I', .. Thus the polynomial
h(z,y) is arithmetically non-degenerate with respect I‘ﬁ.

5. DEGENERATE INTEGRALS OF TYPE Z(s, f,v,A)

In this section, using the notion of arithmetic non-degeneracy introduced in the
previous section, we explicitly compute degenerate integrals of the type

Z(s, f.v,A) = / (@, )5 dady],

where
A= (a,b)Ry and E:={(z,y) € 0? | (v(z),v(y)) € A},
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and f(z,y) € Oy[z,y] is a degenerate, in the sense of Kouchnirenko, semi-quasi-
homogeneous polynomial with respect to the weight (a,b), but arithmetically non-
degenerate with respect to I'4 (f) = Uy T's,6- From now on, we shall consider only
those I'¢ ¢ for which § € O,. The reason is that the I'y g, with 6 € L, \ O,, do not
contribute to the poles of Z(s, f,v, A).

Definition 5.1. For a semi-quasihomogeneous polynomial f(x,y) € L,[z,y] non-
degenerate with respect to I'(f) = U{e €0, |fo(1,00)=0} L 1.6, We define

AT (a+b)+7  (a+b)+m 1
(5.1) P(Ff,e) o U{_Ei’_DH_l +8¢+1Ti’_ D;+ & U U _Er-i-l}’
=1 {£T+1;ﬁo}
and
(5:2) PIA(S)) = U P(Ls0)-

{6 €04 fo(1,6)=0}

The data D;, &;, T;, for each i, are obtained from the equations of the straight
segments that form the boundary of I'f g.
The main result of this section is the following.

Theorem 5.1. Let f(x,y) = ;fzo fi(z,y) € Oylz,y] be a semi-quasihomogeneous
polynomial, with respect to the weight (a,b), with a, b coprime, and f;i(z,y) as in
@4). If f(x,y) is arithmetically non-degenerate with respect to TA(f), then the
real parts of the poles of Z(s, f,v, A) belong to the set

a+b

THUPTAD).

{-13u{-

The proof will be given at the end of this section, and it will be accomplished
by explicitly computing several p-adic integrals. Moreover the proof provides an
effective method for computing these integrals.

The following two examples illustrate the theorem.

Example 5.1. We set f(z,y) = (y> —22)? + 2*y* € L,[x,y]. We suppose that the
characteristic of the residue field is different from 2. The polynomial f(z,y) is an
arithmetically non-degenerate, semi-quasihomogeneous polynomial with respect to
the weight (3, 2) (see Example[T]). In this case, we have the following data attached
to the arithmetic Newton polygon T4(f) = T'y1: a = 3, b =2, D; = dy = 12,
71 =4, & = 2, Dy = 20. Thus according the above theorem, the real parts of the
poles of the integral Z(s, f,v) belong to the set

U= U{-5 -5

In Subsection Bl we explicitly computed the local zeta function Z(s, f,v) (cf.

B.11).

Example 5.2. We set g(z,y) = (v° — 22)%(y® — az?) + 2*y* € L,[x, 9], with a £ 1
mod 7. We assume that the characteristic of the residue field of L, is different from
2. The polynomial g(z,y) is quasihomogeneous with respect to the weight (3,2).
The origin of L2 is the only singular point of g(z,y).
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The arithmetic Newton polygon I'‘(g) = {I',1,Ty4}. The boundary of the
Newton polygon I'y ; is formed by
wl,l(z) = 22; 0 S z S 1)
’U)QJ(Z) = 2, z Z 1,
w(z) =0, z>0.
Thus D1 =dy =18, & =2, Dy =20, =0, 9 = 0, 1 = 1. The polynomial
is arithmetically non-degenerate with respect to I'y ;. According to the previous
theorem the contribution of the arithmetic Newton polygon I'y ; to the set of real
parts of Z(s, g,v) is {—%, —%}.
The boundary of the Newton polygon I'y , is formed by
wia(z) =2, 0<2z<2,
w271(z) = 2, z Z 2.
w(z) =0, z>0.
Thus D; =dy =18, & =1, Dy =20, & =0, 9 = 0, 71 = 2. The polynomial
is arithmetically non-degenerate with respect to I'y . According to the previous
theorem the contribution of the arithmetic Newton polygon I'y , to the set of real

parts of Z(s,g,v) is {—1, —2—70}. Then according to the previous theorem the real

parts of the poles of Z(s, g,v) belong to the set {—1}U{—Z}U{—%, -2} U{—55}-

In Subsection [B.5] we explicitly computed the local zeta Z (s, g,v) (cf. (3:35)).
5.1. Some p-adic integrals.

Proposition 5.1. Let f(z,y) € O,[z,y| be a semi-quasihomogeneous polynomial,
with respect to the weight (a,b), with a, b coprime, and

ls
(5:3) (e, y) =m0 mmy) = S o (),

j=0
with f;(xz,y) as in @), and m > 1. Then there exists a measure-preserving
bijection

$:0X2%2-0x?
(U'a w) - (@1(1‘, y)7 @2(33, y));

such that (™ o ®(x,y) = uNiw: ff(\“:) (u, w), with ff(;_’;) (u,w) non-vanishing iden-
tically on the hypersurface uw = 0, and

s
(5.4) FOm (u,w) = wldom £y, w),

J=0

with
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Proof. We denote by ®; the map
Oy (u,w) : 0X 2 — 0OF 2,
(u, w) = (,y),
with = u, y = uw, and by ®5 the map
(I)2(uvw) : 01>)< i 01>)< 27
(u, w) = (z,y),
with x = uw, y = w.

Since |det ®)(u,w)|, = 1 and |det ®4(u,w)|, = 1, the maps ®;, Py give a
measure-preserving bijection of OX 2 to itself. We shall show that ® is a finite
composition of maps of the form ®; or ®5;. The proof will be accomplished by
induction on min{a, b}.

Case min{a, b} = 1. In this case, it is sufficient to take ® as follows:

dro---0d; if a=1,
—_————

P = b-times
DPyo0---0Py if b=1.
—_——

a-times

Induction hypothesis. Suppose by the induction hypothesis that the proposi-
tion is valid for all polynomials f(™) (z,y) of the form (53) satisfying 1< min{a, b} <
k, with k > 1.

Case min{a,b} = k+ 1, k > 2. Let f(")(z,y) be a polynomial of the form
(B3) satisfying min{a,b} = k+ 1, k > 1, and a > b. By applying the Euclidean
algorithm to a, b, we have that

a=qb+ry, 0<r <b,

for some g1, r1 € N. Because a, b are coprime, necessarily 1 < ry < b.
Weset U =®50:---0P9, ie. z =uw?, y=w, and hence
—_——

q1-times
FI oWz, y) = wtiwP ) (u,w)
with f*(™)(u,w) non-vanishing identically on uw = 0, and

Ly

(5.6) £y w) = w A (),
j=0
with
1
f;(u,w = cju H — U ) “
i=1
Since min{ry,b} = r1 and 1 < r; < b—1 = k, by applying the induction

hypothesis to the polynomial f*(™ (u,v) in (IEI), there exists a map © that is
a finite composition of maps of the form ®; or ®5, such that (f(m) o \I/) 00 =
fMo(Wo @) =uNiwM f(m)(y,v), and f(™)(u,v) has all the properties announced
in the proposition. Therefore, it is sufficient to take & = W0 O.

The case b > a is proved in an analogous way. O
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Remark 5.1. We can assume without loss of generality that

(5.7) m) (u, w) Z’ff(d O™ F o (u, w),
with
L
(5.8) fj (u, w) = CjuAijj H (w— O‘i,j)ew. y Gy Qg € L1>}<
i=1
We define

I(s, ™, 0,072 : / £ ()3 | dedy |

Ov

Proposition 5.2. Let f(z,y) € Oyx,y] be a semi-quasihomogeneous polynomial,
with respect to the weight (a,b), with a, b coprime, and

Iy
(5.9) f) (2, y) = m—dom f (oM, 7Pmy) = Z pldimdom £ 0y, m > 1,
=0

with f;(x,y) as in @A). There exists a constant My such that if m > My, then
I(s, f"™,0,05%) = Up(q~)

CRUNEEEED DD SUS N B ey R e
{9601)|f0(170a)=0} k=1 01>)< ><05

where Up(q=*) is a polynomial with rational coefficients. Moreover, the polynomial
Uo(q~*) and the constant My can be computed effectively.

Proof. Proposition (5.1l implies that

G.11) I f70.05%) = [ 11 wplildody = [ 170zl dody).
X2 X2

Ov Ov
We set
R(fO) = {0 € Ov | fO (1’9(1) = 0}7
l = (-
(fo) mos {v( )t
6,0'€R(fo)
and

B(0) = B(I(fo) ,0) == O x (9 + w1+l<fo>ov) , for § € O,, with v (8) <1 (fo).

With the above notation, if § = a0, then
U

v(cj) + Bjv(0) + ; e jv (0 — o j) if f;(1,0)#0
v (fy (J%y)) = v(c) + Bjv(0) + ZZJ e, jv (0 — o j)

i=1
i#io

teig,j (1 +1(fo)) + €iy,jv (%) if f;(1,60) =0,
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for every (z,y) € B (L (fo),0). We put
]
’U(Cj) + Bj’l)((g) + Z:l €;,jU (9 — Oéi,j) if fj (1, 6) 7é 0,

. 1
Const (5,0) = w(ey) + Bju(0) + 3 es0 (0 — aij)
{Zio
+e€i,; (L+1(fo)) if f;(1,0) =0.
Then, if 0 ¢ R (fo), and m > My, with

My := max {Const(0,0)+1— Const (j,0)},
1<j<l;
o

it follows that -
v (f(m) (z, y)> — Const (0,6),
for every (z,y) € B (I (fo),0). From the above calculations we see that
(5.12) / |F) (, y) |2 [ddy| = [Const (0,8) |5, if 0 ¢ R(fo), and m > M.
B(l(f0),0)

By subdividing O x O into equivalence classes modulo 7' t!(f0) " and using (EIT))
and (B.I12), we have that

(5.13) (s, /"™, 0,05%) = Uo(g™) + ) [F0m (@, y)l; dwdyl,
9€R(fo)p(g)

for m > My, where Uy(¢~*) is a polynomial with rational coefficients. Moreover,
the polynomial Uy(¢~*) and the constant My can be computed effectively. O

The integral [z |ff(\’;) (z,y)|5|dzdyl|, for 6 € R(fy), admits the following ex-
pansion:

S gt / 10 (2,8 + ) |2 | daedy]

k=1

OF X0
1+1(fo) -
(5.14) = " / |0 (2,6 4 7*y) |3 | dady|
=L ox xox
D S N L S
k=2+I(fo) 0X xO%
Ui(g™) — pyp
By + Z g " |FO) (2,6 + 7 y) [ | dady|
k=2+1(fo) 0X xO%
(cf. Lemma 2.T). We set
oo ——
J(sm,0)= Y g " £ (2,6 + 7*y) 3| dedyl.
k=2+1(fo)

OF xOF
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Then from (5I3) and (5I4) it follows that

(5.15) I(s, f™,0,072%) = -+ Z J(s,m,0), m > My,

0€R(fo)

1—qg 15

where U(¢™*) is a polynomial with rational coefficients.
The polynomial f(™)(x,8 + 7¥y) can expressed as

(516)  fO(, 0+ 7hy) = D0 OGO YR gy,
j=0

for k > 2+ 1(fo), with C(j,0) = Const(j,0)c; € L, and |y;(x,y)|, = 1, for every
(x,y) € OF x OF.
Given a real number z, [x] denotes the greatest integer less than or equal to x.

Proposition 5.3. With the hypothesis of Proposition [2.2, if f(x,y) is arithmeti-
cally non-degenerate with respect to I'y g, then

r—1 (14s€i4+1)
J(sm.0) = (1-q¢" 22 1-— = q- 1 _—(ts&? ~(Dit1—doyms—(1+s€it1){mri]
=0 )
(517) _(1 i q—1)2 Z 1 q—(D,:_H—do)ms—(1+s£,¢+1)[m7',;+1]

1 — ¢~ (+s€it1)

=0
q_(1+s€7‘+1)

e )q—(’DH_l—do)ms—(1+s€T+1)[m7—T]
]_ — q_ +s r+1

+(1—q¢71)?

+ Z qf(’Difdo)msf(lJrsEi)[mn]Ii (8),

i=1
where 7;, © = 0, 1, ...,r, are the abscissas of the vertices of I'y o, , , and I;(s) =
w, M;(g~%,m) € Qlg~®], i =1,2,...,r. Moreover, there exists a constant

e(f) such that zfm > c(f), then I;(s) does not depend on m.

Progjj/ The proof is based on an explicit computation of the v-adic absolute value
of f(m)(m 0 + 7*y), when z, y € OX. In order to accomplish it, we attach to

f(m (x,0 4+ 7*y) the convex set Ff(m)(x 0miy) defined as follows. We associate to
each term
(5.18) C(j, O)m b= dom ke (3, y)ycse

of ff(\“:) (z,0 + *y) (see (5I6) ) a straight line of the form
1’17]‘,9(3) = (d] - do)m + ej,ezﬂ ] = Oa ]-7 ceey lf;

—

and associate to f(™)(z, 6 + 7*y) the convex set

: — ={(Zw) €eR? | < min {0 .
(619 T, g, = (E@ R T min {3}

Now, we set
Qn R2 — R2
(ua w) — (aa {5)7
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with v = %, z = % Then Q,,(Ty9) = Fff(:;)(x brrky) (see Definition [3]). The
homomorphism €, sends the topological boundary of I'¢s into the topological

boundary of T' Thus the vertices of T' .—

FOm) (2,0+iy) FO0) a0+ mhy) BTC

0,0 if i =0,
G2)  0u@)=1 " o
(mTi, ('Di - do)m + mé‘m) if 1=1,2,...,7,
where the 7; are the abscissas of the vertices of T'y(m) o (cf. (@), (29)).
If
m > max { (C(j,0))},

7,0

then |ff(\"7) (x,0+7"y)|, can be computed from I' .~ as follows (we use the

fm) (a,0+mky)
notation introduced in 8], (@8], and (E9)):
Ifmr <k<mriy,i=0,1,...,7—1, then

(5.21) |0 (2, 047y)|, = g~ (Prei—dom—Eiik |O(i +1,0)|,, (x,y) € OF xOF .

If £ > m7,, then
(5.22)

|F) (2,0 + 7%y)|, = ¢~ Prerdom=Ernik | 0(r 41,0)], (z,y) € OF x OF .

v

Ifk=mmr,i=1,2,...,7, then

(5.23) £ (2,0 + 7).

- q_(Di—dO)m_Sik

fg:b)(Qi)(x7y) + ﬂ_m(DH—l—Di) ( . ) |U7 (x,y) c Off X ij s

with

I @ y) + 7P =P ()

= K(th)(Qi)(x’ y) + g (Pit1=Ds) (terms with weighted degree > D;11),

and

5(2::2@1-)(1‘7?:/) = Z 'Yi(l‘,y)yeiv";
B0 (U (Q1))=0

here w; ¢(Z) is the straight line corresponding to the term

7T(di*do)erkEi,e,)/i (x7 y)yei,B .

In addition, we note that any kK € N, k > 1, satisfies only one of the following
conditions:

[mr]+1<k<[mr]—-1, i=0,1,...,r—1;

k=[mn], i=0,1,...,7;

or

k> [m7 ]+ 1.



84 M. J. SAIA AND W. A. ZUNIGA-GALINDO

Then by using (521)), (£22), (£23), and the previous observation, it follows that

[e )

om8) = 3 a0yl
B=2H(0) xS
r—1 [m7’i+1]71 .
(5.24) = (1- q*1)2 q*(DHl*do)ms Z q*(1+s£i+1)j
1=0 j=[m7’,;]+1
00
—|—(1 — q_1)2 Z q_(DH—l_dO)mS_(l‘i‘Sgr-H)j
j=[m7,.]+1
r
+ Z q—(D,',—do)ms—(1+s£,¢)[mn]Ii(S)7
=1
with
/ S 5({”)@ Y@ y) + 7 m(Pi+1=P4) (higher order terms) |, |dzdy|.
O'l>)<2

Since fK(ZZ)(Qq:)(x’ y)+m(Pi+1=P4) (higher order terms), and fK(ZZ)(Q,:)(x’ y) do not have

singular points on (LX)* (cf. Proposition (), there exists a constant co(f) such
that
(5 25)
Uilg™® s —s1
9= [ 1yl = {250 g e @) i= 1,
O><2

for m > ¢o(f) (cf. Lemma EZT]). Finally, the result follows from (524, by using the
algebraic identity

B
(5.26) 3ok = %
k=A
The constant ¢(f) = max {co(f), max; ¢ {v(C(4,0))}}. O

5.2. Some algebraic identities. The following algebraic identities easily follow
from (2.26). These identities will be used later for the explicit computation of
certain p-adic integrals. Let s be a complex number, and %, ¢y non-negative integers,
with Co 2 1.

oo

Sl(s,i,co) — Z —(a+b)ym—doms—(Dit1—do)ms—(14+sE;41)[m7;]

m=co

g—coa+b)—codys . .
7@“) dos if 1 =0,

S €,+1 1 i1~ AL (Y T9i9) . .
(—liq,w,éis if i=1,...,m



LOCAL ZETA FUNCTIONS AND NEWTON POLYGONS 85

with
D,,, D
Ti = S;t‘gH»l
[&jgm] if 140
A= 1 it 1=0and [z—| =0
[8'_050 } if =0and {£,_C§ } >1
i i
Biy = (a+b)l + [I] + s([In]€,,, +1D,.,,)
¥i i= (a+0)(& — Eiv1) + (Dig1 — Dy)
d; == Di+1(gi - 8i+1) + (Di+1 - Di)gi+1
SQ(S,i,C()) — Z q—(a+b)m—d0ms—(D7¢+1—d0)7r1,s—(1+s€,;+1)[m7’,;+1]
m=1
Eit1—Eigal q*Gi,J*HI(PHrUz‘S) )
= Z < pp——— ), 1=0,...,7r—1,
=0
with
D_..—D,
T = TR
[7&“@5#2} if 140
Hl = 1 if |l =0 and [ﬁ}:()
[smo—] i 1=o0and [z >1

G’iJ = (a + b)l + [lT’iJrl] + S([lTi+1]gi+1 + ZD7‘,+1)
pi = (a+b)(Eir1 — Eira) + (Dit2 — Dit1)
0; = DiJrl(giJrl - €i+2) + (Di+2 - Di+1)€i+1

Remark 5.2. With the above notation, the real parts of the poles of Si(s,4,co),
Sa(s,1,co) belong to the set P(I'f ) U {—“d—tb}.

5.3. Proof of Theorem 5.1. The integral Z(s, f,v,A) admits the following ex-
pansion:

Z(s,f08) = 3 / 1 (@, y) 5| dedy
m=1

ram 01>;< X rbm 01>;<

[e )

(5.27) — Z q—(a—i-b)m —do ms / |f(m)($, y)If,IdardyI,
m=1 ox2
with
ly

£ () = o f (o, mbmyy = 3 o g (),
§=0
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The integral
175,00 = [ 1™ @)l ldedy

O'l>)<2
is equal to
(5.28) I(s, f™,0,05%) = % + ) J(smo),

{0€05 | fo(1,69)=0}
for m big enough (cf. T0). Thus from (527) and (B28)), it follows that

2 foont) = o)

[e )

(5.29) 4 Z Z q*(aer)m —do ™s J(s,m,0) |

{0€0 | fo(1,07)=0} \m=c(f)

where the constant ¢(f) is defined in PropositionB.3l By using the explicit formula
for J(s,m,0) given in Proposition B3] for m > ¢(f), and the algebraic identities
given in Subsection (22 we have that

S gt o (s m,0) = _(L(q_l_)s
m=c(f) —q )
r—1 —(s€i+1+1)
—1\2 q .
+1—-q) z; msl(&%%)
1=
r—1 1
—1 2 .
—(1—=q¢7) ; m&(s%co)
—(1+sEr41)
— q
+(1—-g¢q 1)2m51(3, T, Co)
(5.30) +3 Ii(s)Sa(s,i — 1, co),
i=1

where Up(q~*) € Q[¢™*°], and the data &;, D;, i = 1,2,...,r, depend on the arith-
metic Newton polygon I'fg Now by Remark the real parts of the poles of
S1(s,1,¢0), S2(s,14,co) belong to the set P(I'sg). Then the real parts of the poles
of

o0

Z Z qf(aer)m —do mSJ(S, m, 9)

{6€0¥ | fo(1,09)=0} \m=c(f)

belong to the set {—“d—tb} UUjse0,|fo(1,00)=01 P(L'y,0), and from (529) it follows
that the real parts of the poles of Z(s, f,v, A) belong to the set

a+b
{1} u{-——}u U P(Typ)
0 {0€0,1fo(1,6%)=0}
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6. MAIN RESULT

In this section we prove the main result of this paper, which gives an explicit
list of possible poles of a local zeta function attached to an arithmetically non-
degenerate polynomial in terms of the corresponding arithmetic Newton polygon.

6.1. Local zeta functions for arithmetically non-degenerate curves. Let
f(x,y) € L,[z,y] be a non-constant polynomial satisfying f(0,0) = 0, and

(6.1) B2 ={00ju |J a,

’YCFQCO‘HL(f)

a simplicial conical subdivision subordinated to I'9¢°™(f). We denote by a, =
(a1(7),a2(v)) a perpendicular and primitive vector to a facet v of T'9¢°™(f), and
by (a,x) = du(v) the equation of the corresponding supporting line. We also define

(Lo (f)) = {‘%@im | 7 a facet of ""(f), with da() # 0},

The following is the main result of the present paper.

Theorem 6.1 (Main Theorem). Let f(z,y) € L, [x,y] be a non-constant poly-
nomial. If f(x,y) is arithmetically non-degenerate with respect to its arithmetic
Newton polygon TA(f), then the real parts of the poles of Z(s, f,v) belong to the
set

(6.2) {=13UP@oe™(f)) UPITA(S)).

Proof. By taking a simplicial conical subdivision, the computation of Z(s, f,v) is
reduced to the computation of integrals of type Z(s, f,v,0X?) and Z(s, f,v,A,),
with v a proper face of T'9¢°™(f) (see Subsection 2.2). By Lemma the real
parts of the poles of Z(s, f,v,0?) belong to the set {—1}. The computation of
the integrals Z(s, f,v,Ay), for v a proper face of I'*°™(f), involves two cases,
according to whether the semi-quasihomogeneous polynomial f(z,y), with respect
to ay = (a1(7),a2(7)), is geometrically non-degenerate or not. If A, is a one-
dimensional cone, and f,(x,y) does not have singularities on (L) )27 then the real
parts of the poles of Z(s, f,v,A,) belong to the set

(63 U= €y upEen()),

where ax +by = dy, d # 0, is the equation of the supporting line of the facet v (cf.
Lemma[22). If A, is a two-dimensional cone, f,(z,y) is a monomial, and then it
does not have singularities on the torus (Lff)z; by Lemma 22 Z(s, f,v,A,) is an
entire function.

If A, is a one-dimensional cone, and f,(z,y) has singularities on (Lff)Q7 then
f(x,y) is a semi-quasihomogeneous arithmetically non-degenerate polynomial, and
thus the real parts of the poles of Z(s, f,v, A,) belong to the set

64) (Ut PYUPEA()) € (~1}UPETeom(£) UPTA)),

(cf. Theorem EJ]). Therefore the real parts of the poles of Z(s, f,v) belong to the
set {—1}UPT9e™(f)) UPTA(f)). O
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